Abstract. Let G be a connected semi-simple Lie group with finite center and no compact factors, and (X, B, m) a G-space with σ-finite G-invariant measure m. For each probability measure µ on G consider the operator π(µ) : [Oh]) are used to obtain explicit estimates of π 0 (µ) , where π 0 is the representation on the space orthogonal to the space of G-invariant functions, provided π 0 has a spectral gap. In particular, for actions of Kazhdan groups, the norm estimate is uniform and does not depend on the action. The norm estimates can be viewed as a spectral transfer principle, analogous to the transfer principle for amenable groups (see [W]
It follows from Hölder's inequality that if n ≥ p/2, then π ⊗n has a dense set of matrix coefficients in L 2 (G), as noted in [Co2, Proof of lemme 3.3.2] , [H, Prop. 6.1, Cor. 7 .2] and [Mo, Prop. 3.5] . By [H, remark d), p. 285] , or [M, Lemma 3 .4] (see also Ch. V, Cor. 1.2.4] ), π ⊗n is equivalent to a subrepresentation of the sum of countably many copies of the regular representation of G (denoted ∞ · λ G ). Furthermore, by [H, Prop. 6.4 The spectral transfer principle. (see [Co2] , [H] , [Mo] 
⊂ ∞ · λ H .
We remark that to pass from the simple to the semi-simple case, one can use the argument proving Lemma 2.2.6 of [Co2] , and the fact that every positivedefinite spherical function on a semi-simple group is the product of positivedefinite spherical functions on the simple components. The latter fact follows from e.g. [He 2, Thm. 3.7, p. 414] , together with the fact that an irreducible representation of G is a tensor product of irreducible representations of the simple components. A useful consequence of the spectral transfer principle is given by the following: Theorem 1. Let G and π be as above, and let µ ∈ P (G) be an arbitrary Borel probability measure on G. Then : (X, B, m) , and π 0 denotes the representation of G in L 2 0 (X) = {f | X fdm = 0}, then π 0 (µ) ≤ λ G (µ) 1/n(G) .
(G) . (ii) If µ is supported on a closed unimodular subgroup H ⊂ G, then π(µ) ≤ λ H (µ) 1/n(G) . (iii) In particular, if G acts ergodically on
Proof. For (iii), fix a real valued f ∈ L 2 0 (X), and then by Jensen's inequality, using n = 2k
and the inequality follows by taking the 2n-th root. For a general representation of G apply the previous argument to (π ⊗π) k , whereπ is the contregredient representation, (see e.g. [Co2, proof of Lemme 2.2.6]). The same arguments apply to H ⊂ G.
Remarks.
1) The spectral transfer principle and Theorem 1 can be viewed as an analog, in the context of semi-simple Lie groups with property T , of the transfer principle for amenable groups ( [W] [Ca] [C-W] [Hz1] [Co3] [Co4] ). In the amenable case, one bounds the operator norm of the maximal operator M µ f = sup t≥1 |π(µ t )f | in an arbitrary action π, in terms of the norm of M reg µ f = sup t≥1 |λ G (µ t )f | where λ G is the regular representation. Similarly, Theorem 1 gives a bound for π 0 (µ) in an arbitrary ergodic action, in terms of a bound for λ(µ) , where λ is the regular representation. For more on this point of view see [N4] [N6] .
2) For amenable groups, λ G (µ) = 1 for every probability measure. In contrast, typically for a family µ t of probability measures on a simple non-compact Kazhdan group G, it is possible to obtain the estimate λ G (µ t ) ≤ C exp(−δt) for some δ > 0. Therefore, in any measure preserving ergodic action of G : π 0 (µ t ) ≤ C exp (−tδ/n(G)) . We will use such decay estimates to prove norm inequalities for the exponential-maximal function
for absolutely continuous as well as singular averages, including averages supported on discrete subgroups.
3) The crucial fact in the considerations above is the existence, given an action of G on (X, B, m), of a finite n ∈ N such that π ⊗n 0 ⊂ ∞·λ G . This property holds also for many natural ergodic actions of general semi-simple groups. For example, if Γ is a lattice in any simple non-compact Lie group G then L 2 0 (G/Γ) has this property. Furthermore, simple non-compact algebraic groups over locallycompact non-discrete fields (and more generally S-arithmetic groups) also have many actions with this property, and in fact satisfy property T if their split rank is at least two. All of the results below will apply to such actions, which we refer to as actions with a spectral gap. 4)We note that the unitary dual of many higher rank semi-simple algebraic groups is not completely classified, and even when the classification is known, it is not easy to apply. However, the spectral transfer principle and Theorem 1 allow control of the norms of the natural integral operators associated with the group action, using the information contained in the regular representation only, which is a significant simplification.
5) The spectral transfer principle and Theorem 1, can be applied not only to integral operator on G but also to differential operators in the universal enveloping algebra, acting in an arbitrary representation. For further discussion of applications to spectral multipliers and an estimate of the spectral gap of certain elliptic operators we refer to [N5] . For a detailed analysis of the case of radial averages, we refer to [N1-3] and [MNS].
Definitions and preliminaries.
Throughout the following, we will consider a locally compact second countable (lcsc) group G acting measurably by measure preserving transformations on a σ-finite measure space (X, B, m). We let π denote the unitary representation of G in L 2 (X), and let L 2 I (X) denote the closed subspace of G-invariant vectors. L 2 0 (X) will denote the orthogonal complement to L 2 I (X), and π 0 the representation of G on L 2 0 (X). We assume that there exists an even n = n(X) = 2k such that π ⊗n 0 ⊂ ∞·λ G and (π 0 ⊗π 0 ) ⊗k ⊂ ∞·λ G . By Theorem 1 ( §1.1), we then have π 0 (µ) ≤ λ(µ) 1/n where λ is the regular representation of G in L 2 (G), and µ ∈ P (G) an arbitrary Borel probability measure.
Recall that when m(X) = 1, the G-action is called ergodic if the only Ginvariant functions in L 2 (X) are the constant functions. Given any finite Borel measure µ on G, consider the operator
Definition 1. Let ν t , t ∈ R + (or t ∈ Z + ) be a one parameter family of probability measures on G, such that t → ν t is w * -continuous in the w * -topology on P (G).
(1) Given an ergodic probability-measure-preserving action of G on
where the convergence is pointwise almost everywhere and in the L p norm.
(4) The family ν t converges pointwise exponentially fast to the ergodic mean, with rate δ in L p , if for every f ∈ L p (X) the following holds for almost all x ∈ X:
(5) Given θ, θ p is defined by :
Definition 2. A one-parameter family ν t , t ≥ 0 of probability measures on G will be called :
(
+k , for t ≥ 1 and some fixed B and N . (Here [t] is the largest integer ≤ t).
(2) Uniformly Hölder Continuous with exponent a, if t → ν t satisfies :
ν t+ − ν t 1 ≤ C| | a , for some 0 < a ≤ 1, 0 < ≤ 1/2 and all t ≥ 1. Here ν 1 is the total variation norm on P (G).
Finally, we recall the following definition of Kazhdan's property T : Definition 3. [Ka] (see also [HV] 
(2) If m(X) = 1, and G acts ergodically, the sequence π(ν k ) converges pointwise exponentially fast to the ergodic mean, with rate 
Proof.
(1) and (2) Remark. To obtain an L 2 maximal inequality and pointwise convergence for L 2 -functions, for a general sequence of averages η k acting in L 2 (X), it suffices to assume only
Recall now the following definition, introduced in [Co1, §7 ] 
We can now consider the case of case of absolutely continuous averages :
Assume that the family of probability measures ν t with density f t form a roughly monotone and uniformly Hölder continuous family. Let
Proof. By assumption, since G is a Kunze-Stein group, the norm of the convolution operator
Therefore the assumptions of Theorem 2 are satisfied.
More generally, the Kunze-Stein phenomenon and the spectral transfer principle combine to give the following
Proof. By [KS1, Lemma 27] (see also [Co1] , Lemma 1.1), for an arbitrary unitary representation τ the following holds for the conjugate exponents
It follows that for the regular representation λ G of a Kunze-Stein group
for all q > 2, and so by the Lemma
We also note the following result, which establishes a general maximal inequality for averages on the group, valid when the space has infinite σ-finite invariant measure. A large class of examples is provided by transitive actions of the group on its homogeneous spaces carrying an infinite G-invariant measure. Note that the maximal inequality requires no covering arguments and no volume or growth properties, and is based solely on the spectral assumption. 
In particular, the last property is satisfied by the spherical averages σ
on connected semi-simple Lie groups with finite center and no compact factors, for every H ∈ a, H = 0 (see §2.2 for the notation).
Proof. (1) We use the argument of Lemma 2] . The function t(g) = inf{t|g ∈ A t } is measurable, and we define
. (2) The subadditive operator f → f * ν satisfies the strong (2, 2) and (∞, ∞) maximal inequalities, and hence also the strong (p, p) maximal inequality for 2 ≤ p ≤ ∞, by the Riesz interpolation theorem.
(3) This fact is established as in Theorem 2, part (1). (4) The fact that the spherical averages above satisfy the norm estimate of part (3) follows from spherical functions estimates that can be found e.g. in
Remark. It is unknown whether a (weak or strong) maximal inequality holds in L p , 1 ≤ p < 2 for general ν t . We remark that a strong maximal inequality does hold for 1 < p ≤ ∞ for many bi-K-invariant averages and refer to [MNS] for a proof.
Estimating convolution norms on semi-simple groups.
Consider now the case of a connected semi-simple Lie group G with finite center and no compact factors. Here the majorization principle due to C. Herz [Hz] has a useful corollary due to M. Cowling, U. Haagerup and R. Howe [CHH] , which allows us to estimate the norm of the convolution operator λ G (f ) on L 2 (G), as follows :
where Ξ(g) is the Harish Chandra Ξ function, given by:
Here ρ 0 is the representation of G induced from the trivial representation of P , the minimal parabolic subgroup occurring in the Iwasawa decomposition G = KP , and ∆ is the modular function of P (∆ is extended to a left Kinvariant function on G). The expression of Haar measure in terms of the Iwasawa decomposition is G f (g)dg = K P f (kp)∆(p)dp dk, dp left Haar measure on P , ∆(p)dp right Haar measure on P . We recall that the Ξ-function satisfies the basic estimate (see e.g. (H) where ρ = half the sum of positive roots of ad(a) in g, and C, d depend on G only. The estimate above for λ G (f ) gives a simple and explicit integral criterion for a family f t ∈ L 1 (G), t ∈ R + to satisfy strong exponential-maximal inequality in every L p (X), 1 < p ≤ ∞. In particular it allows us to estimate the convolution norm of a non-radial function in terms of an associated radial function, which is much easier to control.
As an example, we consider the following family of non-radial averages, defined using the Iwasawa coordinates G = KAN. As is well known (e.g. [He2] , p. 181) Haar measure can be normalized so that in horospherical coordinates it is given by
Now let h t denote the probability measure on G whose density is given by
Here N 0 is a fixed compact neighborhood of the identity in N . We remark that pointwise ergodic theorems for certain averages defined using Iwasawa coordinates were proved by A. Templeman [T] . We will prove the following : 
Theorem 6. Let G be a connected semi-simple Lie group with finite-center and no compact factors. Then λ
Proof. We start by estimating λ G (h t ), using the majorization formula above. Let us first estimate the translation length in G/K of elements g in U t :
Hence the set
. Let a r denote the ball in a with radius r centered at the origin. Integrate Ξ(g), which is bi-K-invariant on B r = {g|d(gK, K) ≤ r}, using Haar measure in polar coordinates (see e.g. [G-V, p. 73] ). Then, letting m α denote the multiplicity of the root α :
, where m N denote Haar measure on N . Now, using the estimate for the translation length, we obtain :
Hence:
Here θ = θ(G, d 0 ) > 0. Furthermore, it is evident that h t is roughly monotone, and in fact h t ≤ Ch [t]+1 for a fixed C, using the explicit form of the density of
, again by a direct computation using the density (see [MNS, §3] for a similar computation for the ball averages). Hence the family h t is uniformly Hölder continuous, and so h t satisfies the assumptions of Theorem 2 with the parameter θ > 0, and the proof is complete.
Fix now H 0 ∈ a + satisfying H 0 = 1, and consider the sets Proof. The estimate λ G (v t ) ≤ C exp(−θt), θ > 0 follows by a similar computation, and again v t is a roughly monotone family which is uniformly Hölder continuous by a direct computation involving the density.
3. Applying the spectral transfer principle : Singular averages 3.1. Averages supported on closed unimodular subgroups.
In this section we consider averages µ t supported on a closed subgroup H ⊂ G, which are of course all singular with respect to Haar measure on G. By Theorem 1, the problem of estimating the operator norm π 0 (µ t ) is reduced to estimating the norm of λ H (µ t ) as a convolution operator on L 2 (H). Using Theorem 7, we conclude the following about the behaviour of averages on realrank-one subgroups (which do not have propert T , in general) : (1) σ n = 1 #S n w∈S n w, where S n = {w : |w| = n} is the sphere of radius n, with center e. (2) β n = 1 #B n w∈B n w, where B n = {w : |w| ≤ n} denotes the ball of radius n with center e.
Recall now the following convolution theorem due to P. Jolissaint [J] : 
function. Then there exist two positive constants s = s(Γ, S) and C = C(Γ, S), such that for any finitely supported function
This result implies the following n log |S n | (see [Coo] ). Then :
Proof. It is proved in [Coo] that there exist q σ = q σ (Γ, S), C 1 > 0 depending only on (Γ, S), satisfying:
The result follows from the convolution theorem 3.2.
For the ball averages, we write
|S j |σ j , so that
Hence, using the estimate for the spectral norm of the spheres σ k , the result for β k follows. The exponential-maximal inequality in 2 (Γ) with parameter θ < 1 2 log q σ is an immediate consequence of the norm estimate, and for p (Γ), 1 < p ≤ ∞ follows by Riesz-Thorin interpolation.
The previous result estimates the spectral norm λ Γ (µ) of operators µ ∈ 1 (Γ) acting by convolutions in the regular representation. When Γ ⊂ G is discrete, the spectral transfer principle implies (π 0 Γ ) ⊗n ⊂ ∞ · λ Γ . We remark that this fact was applied already by G. A. Margulis in [M1, §3] in the case Γ is a free non-Abelian subgroup. By Theorem 1, π 0 (µ) ≤ λ Γ (µ) 1/n for any µ ∈ P (Γ). Hence the following conclusion (which improves some results in [F-N], for actions possesing a spectral gap). 
Theorem 8. Let G be an lcsc group, and let Γ ⊂ G be a non-elementary wordhyperbolic discrete subgroup of G with a fixed finite symmetric set of generators S. Assume G acts on a probability space X and π
⊗n 0 ⊂ ∞ · λ G . Then : (1) σ k satisfies the strong (L p , L p ) exponential-maximal inequality, 1 < p ≤ ∞,
Examples 3.4.
(1) Let Γ = F r , the free non-abelian group on r generators, and assume S = S −1 is a free set of generators. Then λ(σ k ) = ϕ 0 (σ k ), where ϕ 0 (the Harish-Chandra Ξ-function for this case) satisfies (see e.g. [N3, NS1] 
2) Theorem 8 applies to co-compact lattices Γ in the simple Kazhdan groups G = Sp(n, 1), n ≥ 2, which are word-hyperbolic groups. In every ergodic action of G, the sphere averages on Γ converge pointwise exponentially fast to the ergodic mean. These imply that λ Γ (η n ) ≤ C exp(−θn), θ > 0, for certain sequences η n . Such estimates apply, in particular, to the fundamental group π 1 (M g ) of a closed surface of genus g ≥ 2.
Ergodic theorems for averages supported on lattice points.
Let G be an lcsc group, and Γ ⊂ G a discrete lattice subgroup. Given a sequence of compact sets U n ⊂ G satisfying m G (U n ) → ∞, consider the sets A n = U n ∩ Γ of lattice points, (which are assumed non-empty) and define the averages α n ∈ 1 (Γ) by : 
Theorem 3.5. ([B-S], [C-S])
Let G be an lcsc group, Γ a discrete lattice subgroup, and F , ψ as above. Then :
is the restriction to Γ of a sequence F k ∈ C c (G), we conclude Corollary 3.6. Let G, Γ be as in Theorem 3.5, F k and f k as above. Then
, and π(f k ) converges exponentially fast to the ergodic mean with rate θ p .
Consider now two arbitrary probability measures µ 1 and µ 2 on a locally compact group G.
The foregoing proposition implies the following : let us say that µ 1 is a bounded perturbation of µ 2 with constant C if µ 1 ≤ Cµ 2 .
Corollary 3.8. Let ν k be any sequence of probability measures on G that satisfies the estimate λ G (ν k ) ≤ B exp(−δk), δ > 0. Then any sequence of probability measuresν k whereν k is bounded perturbations of ν k with fixed constant
For example, fix any sequence of probability measures, not necessarily bi-Kinvariant, which form a bounded perturbation of the sequence of ball averages β n on a semi-simple Kazhdan group without compact factors. Then their convolution norms satisfy an exponential decay estimate (with parameter θ, say) by Corollary 3.8. Hence in any ergodic measure preserving action the averages converge pointwise exponentially fast to the ergodic mean. Furthermore the sequence of averages satisfies the strong (L p , L p ) exponential-maximal inequality with parameter θ p , 1 < p ≤ ∞, in every action, in particular for the action of G by convolutions on L 2 (G). Similarly, any sequnce of measures on Γ ⊂ G which is a bounded perturbation of the measures f k of Corollary 3.6 satisfies an exponential decay estimate in any unitary representation π of Γ satisfying
Theorem 9. Let Γ ⊂ G be any lattice in a semisimple Lie group with finite center and without compact factors. Then the sequence b k ∈ 1 (Γ) satisfies : Proof. Let F k = ψ * β k * ψ, where ψ = β 1/2 * β 1/2 . F k is a continuous function, and its restriction f k = F k Γ satisfies b k−2 ≤ Cf k . This follows from the fact that the number of lattice points in a ball of radius t divided by the volume of the ball of radius t converges to 1, (see e.g. [E-M] ). Hence the proposition follows from Corollary 3.6, Corollary 3.8, and Riesz-Thorin interpolation.
Let now Γ be a lattice in a locally compact group G, and consider unitary induction of representations from Γ to G (see e.g. [HV, Ch. 3] ). Let D ⊂ G be a left fundamental domain, so D maps bijectively to G/Γ under the canonical map, and s : dΓ → d ∈ D is a measurable section. We normalize the G-invariant measure on G/Γ to have total mass one.
Given any probability measure µ on G, we can define a probability measureμ on Γ, as follows. The weight at a given element γ is given by the µ × m G/Γ -measure of the set
. Let now τ be a unitary representation of Γ, and consider the representation π τ induced to G. The representation space is given by {f :
2 dm G/Γ < ∞}, and the G-action by 
Proof. The estimate follows immediately from the preceding discussion and Theorem 1, together with the fact that if τ has no Γ-invariant unit vectors, then π τ has no G-invariant unit vectors.
Remark. It is natural to expect that the probability measures b k ∈ 1 (Γ) defined above satisfy, when Γ is a Kazhdan lattice, the estimate : τ (b k ) ≤ C exp(−kθ), where τ is an arbitrary unitary representation of Γ without invariant unit vectors, and θ > 0 depends only on Γ. This problem, however, remains unresolved.
Best possible pointwise ergodic theorems and maximal inequalities

Best possible estimates of operator norms.
Clearly, the best possible estimate for the operator norm of a probability measure µ supported on a closed unimodular subgroup H ⊂ G, is obtained in Theorem 1 when n = 1, and then π 0 (µ) ≤ λ H (µ) .
A basic fact in the representation theory of semi-simple groups, due to D. A. Kazhdan [Ka, Lemma 2] and used repeatedly since is that certain subgroups H have the following property: The restriction of any unitary representation π 0 of G without invariant unit vectors to H is weakly contained in ∞ · λ H . As is well known (see [Ey] ), a representation π 0 is weakly contained in λ H if and only if π(µ 0 ) ≤ λ H (µ) for every (absolutely continuous) probability measure µ on H.
For example, subgroups H ⊂ G of the form H = SL 2 (R) τ R n , where τ is a representation of SL 2 (R) on R n without invariant unit vectors, and R n is a unipotent subgroup, have this restriction property, and for a proof we refer e.g. to [Co2. Thm. 2.3 .1] [Z, Thm. 7.3.9] and also [M, Ch.3, Prop. 4.5] , where a general criterion for other examples of this type can be found.
A particularly elegant, elementary, and quantitative argument establishing this fact for the case of the defining representation τ is due to R. §3.3] . This proof gives directly the best possible estimate for the operator norm of every radial measure supported on SL 2 (R) ⊂ H. 
Many examples of (G, K)-tempered subgroups of a simple non-compact Lie group G (where K is maximal compact) are constructed in [M2] and [Oh] . We have
Proof. In [Oh, Prop. 3.4] It is shown that each K-finite matrix coefficient of an irreducible non-trivial unitary representations of G is dominated on A + by a constant multiple of a fixed positive function denoted F G . The same proof applies without change to show that K-finite matrix coefficients in any unitary representation of G without G-invariant unit vectors satisfy the same bound. In [Oh, Th. D] 2) Under the assumptions of Proposition 4.1 (or the previous remark), the estimate of the operator norm of absolutely continuous probability measures (or radial ones, or those supported on discrete subgroups of H) is that of the regular representation of H, and therefore the best possible. Hence in this case the best possible exponential-maximal inequalities and the fastest possible exponential rate of convergence is obtained for the averages considered in the previous sections, for example the sphere averages σ n on H, or on discrete wordhyperbolic subgroups of H. For further details on this phenomenon we refer to [N6] .
3) To make the estimate of the operator norm in Theorem 1 (which are generally not optimal) explicit, one needs an estimate of the integer n = n(X) such that π ⊗n 0 ⊂ ∞ · λ G . For semi-simple Kazhdan groups n = n(G) depends on G only, and equals the least even integer ≥ p(G)/2, where p(G) is calculated in [Li] and [Oh] .
Some further remarks and relevant references.
1) As is well known (see e.g. [HRV, Prop. 1(6)]), given a (strongly continuous) unitary representation π of an lcsc group G and a probability measure µ, if π(µ) ≤ 1 − ε, then for any unit vector v,
It follows that for at least one 
Similarly, each of the norm estimates of the preceding sections determines Kazhdan constants for G.
Explicit Kazhdan constants for semi-simple groups were obtained originally from exponential decay estimates of matrix coefficients of K-finite vectors in irreducible representation of semi-simple groups G, due to M. Cowling [Co2] and R. Howe [H] (see [H, remark a), p.311] ). In particular these results of course provide estimates of the operator norm of any bi-K-invariant measure on G. For an elegant elementary derivation of such quantitative decay estimates for SL n (R), n ≥ 3, as well as the corresponding explicit Kazhdan constants, we refer to [H-T, ch. V, § §3, 4] .
2) We note also the following fact, due to P. de la Harpe and A. Valette [HV] 
and /2 are Kazhdan constants for Γ.
3) The spectral transfer principle was noted and applied by M. B. Bekka and A. Valette in [BV] and [B1, B2] . In particular, a simple alternative proof of some results due to [C-S] is given in [B1] . In [B2] it is noted that in the action of a semi-simple Lie group G in L 2 (G/Γ), integration is the unique finitely-additive mean invariant under the lattice subgroup Γ. This result relies on J. Rosenblatt's characterization of this property [Ro] , namely that the unitary representation π 0 does not contain the trivial representation weakly. Together with the spectral transfer principle it follows that integration is the unique finitely-additive mean invariant under any lattice subgroup, in any measure-preserving ergodic action of G. A generalization of this fact can be found in [Sh] , together with some further remarks regarding Kazhdan constants.
Almost orthogonality.
It is also possible to obtain ergodic theorems for (the averages of) a sequence of measures µ k , when the operator norms do not decay to zero at all. A sufficient condition is that the sequence π(µ k )f = f k forms an almost orthogonal sequence of functions (see [St] ), in the sense that the decay of the mutual correlations We note the following sample consequences for a connected semi-simple Lie group G with finite center and no compact factors. Let K ⊂ G be a maximal compact subgroup, write G = KA + K, and let a t = exp tH ∈ A + , where H ∈ a + , H = 0. Consider again the operators defined by W. Veech [V] (see §2.3) given by w t = m K * δ a t , and their adjoints w * t = δ a −t * m K . We will use the following estimate for bi-K-invariant matrix coefficients. Remarks.
(1) Note that lim N →∞
π(exp kH)f = X fdm almost everywhere, by Birkhoff's theorem for the group R = {exp tH | t ∈ R}. However, these averages converge to the ergodic mean arbitrarily slowly for some functions. This follows since π 0 R ∼ = ∞ · λ R (see [Co2, Cor. 2.4.3] ) in this case.
(2) Note also that Example. Take g k = g k , where d(e, g k ) ≥ c|k| for some positive c. Again note that by the previous remarks, the estimate of Prop. 4.5 cannot hold for all f ∈ L 2 (X).
